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BIRMAN-MURAKAMI-WENZL TYPE ALGEBRAS
FOR GENERAL COXETER GROUPS
Zhi Chen
Abstract
We introdue a BMW type algebra for every Coxeter group, These new algebras are
introdued as deformations of the Brauer type algebras introdued by the author, they
have the orresponding Heke algebras as quotients.
1 introduction
The Birman-Murakami-Wenzl algebras Bn(τ, l) (BMW algebras)introdued by Birman,Wenzl
in [BW℄ are natural deformations of Brauer's entralizer algebras Bn(τ). These two kinds
of algebras were studied extensively during last two deades. For an explanation of their
bakgrounds and their relation to three dimensional Topology, onsult[BW℄ [Mu℄.
In 2001, Haring-Oldenberg [Ha℄ introdued the Cylotomi BMW algebras and Cy-
lotomi Brauer algebras assoiated with G(m,1, n) type pseudo reetion groups. The
Cylotomi BMW algebras were studied intensively in reent years. In [RX℄ Rui and Xu
lassied irreduible representations of these algebras. In [2℄ Goodman proved they sup-
port ellular strutures. In [Yu℄ Yu studied freeness of them for ertain parameter ring,
and also proved ellularity of these algebras. In [GH℄ Goodman and Haushild introdued
AÆne BMW algebras from topologial onsiderations and give them a presentation. In
2005, Cohen, Gijsbers and Wales [CGW1℄ introdued a BMW type algebra and a Brauer
type algebra for every simply laed Coxeter group. Then they alulated dimension, and
established the semisimpliity and ellularity of these algebras (of nite type) in [1℄, [CW2℄.
In this paper we present a BMW type algebra for every Coxeter group, as the deformations
of the generalized Brauer type algebras onstruted in our last paper [CH℄. When W is of
simply laed type, our algebras are isomorphi to the algebras from [CGW1℄(Proposition
5.2).
Sine the present paper is very losely related to the simply laed BMW algebras, we
write down the presentation of them aording to [CGW1℄. Let Γ be a simply laed Dynkin
diagram. Here 'simply laed' means ontaining no multiple bonds. For two nodes i, j of Γ ,
if i and j are onneted by a bond, we write i ∼ j, otherwise we write i ≁ j.
Definition 1.1 ([CGW1℄). Let Γ be a rank n simply laed Dynkin diagram. The type
Γ Brauer algebra BΓ (τ) over Q(τ) and the type Γ BMW algebra BΓ over Q(l, x) are
1
dened in the following table.
TABLE 1. Presentation for BΓ (τ) and BΓ (τ, l).
BΓ(τ) BΓ (τ, l)
Generators si(i ∈ I); ei(i ∈ I) Xi(i ∈ I) ; Ei(i ∈ I)
Relations sisjsi = sjsisj, if i ∼ j ; XiXjXi = XjXiXj, if i ∼ j;
sisjei = ejsisj if i ∼ j; XiXjEi = EjXiXj if i ∼ j;
sisj = sjsi ,if i ≁ j; XiXj = XjXi, if i ≁ j ;
s2i = 1, for all i; l(X
2
i + νXi − 1) = νEi, for all i;
siei = ei, for all i; XiEi = l
−1Ei, for all i;
eisjei = ei, if i ∼ j; EiXjEi = lEi, ifi ∼ j;
siej = ejsi, if i ≁ j; XiEj = EjXi, ifi ≁ j;
e2i = τei, for all i. E
2
i = τEi .
Where ν = l−l
−1
1−τ
. When the Coxeter group is of An−1 type,that is, being the n-th
symmetri group, the orresponding simply laed BMW algebra and Brauer algebra are just
Bn(τ, l) and Bn(τ) respetively. In [CH℄ the author introdued a Brauer type algebra(see
Denition 2.1, Denition 2.2 of the present paper) for every Coxeter group and every pseudo
reetion group as andidates for generalized Brauer type algebras. In that onstrution,
ertain KZ onnetions and generalized Lawrene-Krammer representations for nite type
Coxeter groups introdued by Marin ( inluding a slightly further generalization by the
author) play important roles. When W is a nite pseudo reetion group, the algebra
BrW(Π) supports a at, W−invariant onnetion ΩW(Denition 2.3) ,whih an be used
to deform every nite dimensional representation of BrW(Π) to a one parameter lass of
representations of the assoiated braid group BW . In this paper we try to introdue BMW
algebras for every Coxeter group, as deformations of the Brauer type algebras of [CH℄. The
starting point of our onstrution is the following observation.
Let Γ be A2, the Dynkin diagram with two vertex v0, v1 and a simple lae onneting
them. So the BMW algebra BA2(τ, l) = B3(τ, l) is generated by {X0, X1, E0, E1} with relations
as in above table. Denote the free monoid generated by {X0, X1, E0, E1} as Λ.
Then for i = 0, 1, there is a funtion Φi on Λ suh that the following relation holds in
BA2(τ, l) :
EixEi = Φ
i(x)Ei (1)
These relations are lear from the diagram presentation of the BMW algebras. It is an
interesting fat that we an obtain above Φi from the LK representation of the braid group
B3. Let σ0, σ1 be the generators of B3 in its anonial presentation . The LK representation
is a 3 dimensional representation with 2 parameters {τ, l} ρLK : B3 → GL(V). We an show
(Lemma 3.1) that for i = 0, 1, the operator ei =
l
ν(ρ(σi)
2 + νρ(σi) − 1) is a projetor to
some line Cui in V , where ν =
l−l−1
1−τ . The LK representation an be looked as a repre-
sentation of BA2(τ, l) by sending Xi, Ei to ρi(σi), ei respetively for i = 0, 1. We denote
this representation by the same symbol ρLK. For any word W = A1A2 · · ·Ak in Λ,where
2
Ai ∈ {X0, X1, E0, E1} we set ρLK(W) = ρLK(A1) · · · ρLK(Ak) ∈ gl(V). Then there are funtions
Φi (i = 0, 1) on Λ suh that eiρLK(W)ei = Φ
i(W)ei, sine ei is a projetor. Comparing
above two identities, we have Φi = Φi.
Denote the Dihedral group of type I2(m) as Dm, whose Dynkin diagram onsists of two
vertexes v0, v1 and an edge with weight m onneting them. Denote the assoiated Artin
group as ADm . The group ADm has a anonial presentation with two generators σ0, σ1.
The group Dm has a natural representation on C
2
as a reetion group of order 2m. It
has m reetion hyperplanes H0, H1, · · · , Hm−1. Denote the reetion by Hi as si, and hose
a linear funtion fi on C
2
suh that Hi = kerfi. Set ωi = dfi/fi, whih is a holomorphi
1-form on M. Denote the omplementary spae C2 \ ∪m−1i=0 Hi as Mm. The Artin group
ADm also has a generalize Lawrene-Krammer representation as speial ases of the one
onstruted by Marin [Ma2℄ as follows. Set Vm = C < v0, v1, · · · , vm > be a vetor spae
with a basis in one to one orrespondene with the set of reetion hyperplanes of Dm.
The ation of Dm on the seond set naturally indues a representation of Dm on Vm whih
will be denoted as ι. Then on the trivial bundle Mm × Vm, we have Marin's onnetion:
ΩLK = Σ
m−1
i=0 κ(kι(si) − pi)ωi, where pi ∈ End(Vm) is suitable projetor to the line Cvi. It
is proved [Ma2℄ that ΩLK is at and Dm− invariant. So it indues a at onnetion on the
at bundle M×Dm V , whose monodromy gives the generalized LK representation of ADm ,
whih will be denoted as TLK : ADm → Aut(Vm).
First we suppose the ases when m is odd, we have
Lemma 3.1 Set q = exp(κkπ
√
−1) and l = exp(καπ
√
−1)/q. For generi κ,
(1) (TLK(σi) − l
−1)(TLK(σi) − q)(TLK(σi) + q
−1) = 0 for i = 0, 1.
(2) ei =
l
q−1−q
(TLK(σi) − q)(TLK(σi) + q
−1) is a projetor, i.e, Rankei = 1 for i = 0, 1.
Still let Λ be the monoid freely generated by X0, X1, E0, E1. Dene a morphism f : Λ→
End(Vm) by setting: f(Xi) = TLK(σi), f(Ei) = ei (i = 0, 1). Considering (2) of above Lemma
3.1 , we dene a funtion Φim,Π,κ : Λ → C by: eif(X)ei = Φim,Π(X)ei. Then we dene the
BMW algebra BDm(Π, κ) assoiated with Dm as the following Denition 3.4.
Suppose k ∈ C \ {0}, α ∈ C, denote Π = {k, α}. Set q = exp(κ√−1πk) and l =
exp(καπ
√
−1)/q.
Definition 3.4 The algebra BDm(Π, κ) is generated by X0, X1, E0, E1 with following rela-
tions.
1) XiX
−
i = 1, i = 0, 1;
2) [X0X1 · · · ]m = [X1X0 · · · ]m;
3) (q−1 − q)Ei = l(Xi − q)(Xi + q
−1) for i = 0, 1;
4) XiEi = EiXi = l
−1Ei for i = 0, 1;
5) EiXEi = Φ
i
m,Π,κ(X)Ei for any X ∈ Λ,i = 0, 1.
The relation 1) to 4) have lear analogues with the BMW algebra B3(τ, l). Relation 5)
3
is similar with the equation (1) for B3(τ, l). From above denition we see BDm(Π, κ) is a
quotient of the group algebra CADm , and has the Heke algebra of type W as its quotient.
When m is even, we have a pair of projetors e0, e1 ating on Marin's generalized LK
representation as in Lemma 3.2. By using them we dene a funtion Φim,Π,κ : Λ→ C, whih
is used in Denition 3.3 of the BMW algebra BDm(Π, κ).
In setion 4 we study the algebras BDm(Π, κ), the following results support that they
are indeed the deformation of the Brauer type algebras BrDm(Π). Our Theorem 4.1 says
that for generi parameters Π, dimBrDm(Π) = dimBDm(Π, κ). Proposition says the repre-
sentations of ADm obtained from monodromy of the KZ onnetion ΩDm (assoiated with
nite dimensional representations of BrDm(Π) fator through BDm(Π, κ).
One the denition of BMW algebras assoiated with Dihedral groups are given, they
indue a natural denition of BMW algebra BWΓ (Π, κ) for any Coxeter group WΓ , as in
Denition 4.1.
We hope these algebras BWΓ (Π, κ) be deformation of the Brauer type algebras BrWΓ (Π)
as the dihedral ases. We an't give a proof of them in this paper. We only prove (Theorem
5.1) that BWΓ (Π, κ) is nite dimensional when W is a nite group, by similar arguments
used in [CGW1℄ in the proof of Theorem 1.1 of that paper. Proposition 5.2 says the algebra
BWΓ (Π, κ) is isomorphi to the simply laed BMW algebra dened in [CGW1℄ when W is a
simply laed Coxeter group. At last, Theorem 5.2 says for nite W, for generi parameters
Π, the representations of AW resulted from monodromy of the KZ onnetion ΩW all fator
through BW(Π, κ) for suitable parameters.
Acknowledgements I 'd like to present my thanks to Ivan Marin for his detailed expla-
nation of some tools involved in proof of Lemma 3.5.
2 preliminaries
Let E be a omplex linear spae. An hyperplane arrangement (or arrangement simply ) in E
means a nite set of hyperplanes ontained in E. Let A = {Hi}i∈I be an arrangement in E, we
denote the omplementary spae E−∪i∈IHi asMA. Intersetion of any subset of A is alled
an edge. If L is an edge of A, dene AL = {Hi ∈ A|L ⊂ Hi} = {Hi} and IL = {i ∈ I|L ⊂ Hi}.
For every i ∈ I, hose a linear form fi with kernel Hi. Set ωi = d log fi, whih is a
holomorphi losed 1-form on MA. Consider the formal onnetion Ω = κ
∑
i∈I Xiωi. Here
Xi are linear operators to be determined. When we take Xi's as endomorphisms of some
linear spae E, then Ω is realized as a onnetion on the bundle MA × E. We have the
following theorem of Kohno.
Theorem 2.1 (Kohno [Ko1℄). The formal onnetion Ω is at if and only if:
[Xi,
∑
j∈IL Xj] = 0 for any odimension 2 edge L of A,and for any i ∈ IL. Where
[A,B] means AB− BA.
Let W ⊂ U(E) be a nite pseudo reetion group. Let R be the set of pseudo reetions
ontained in W and let A = {Hi}i∈P be the set of reetion hyperplanes in E. Sine the
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ation of W on E send reetion hyperplanes to reetion hyperplanes, we have a natural
ation ofW on P whih will denoted simply by (w, i) 7→ w(i) for w ∈W, i ∈ P. For s, s ′ ∈ R,
denote s ∼ s
′
if they lie in the same onjugay lass. For i, i
′ ∈ P, denote i ∼ i ′ if there
exist w ∈ W suh that w(i) = i ′ . For i, j ∈ P, denote R(i, j) = {s ∈ R|s(Hj) = Hi}. For
i ∈ P, let Wi be the subgroup of W onsisting of elements that xing Hi pointwise. Let
mi = |Wi|. It is well known that Wi is a yli group and we denote the element in Wi with
exeptional eigenvalue e
2π
√
−1
mi
as si. For s ∈ R, dene i(s) ∈ P by requesting Hi(s) to be the
reetion hyperplane of s. Set MW = E − ∪i∈PHi. The ation of W on MW is free, by a
famous theorem of Steinberg. The groups BW = π1(MW/W) and PW = π1(MW) are alled
the omplex braid group and the omplex pure braid group assoiated with W respetively.
For i ∈ P, suppose ωi is the 1-form on MW assoiated with Hi as above. Suppose (V, ρ)
is a omplex linear representation of W. Suppose Ω =
∑
i∈P Xiωi is a onnetion on the
trivial vetor bundle MW × V , where Xi ∈ End(V) for any i ∈ P. In this ase we an
get a vetor bundle on MW/W as the orbit spae of the free ation of W on MW × V :
w · (p, v) = (w · p, ρ(w)(v)), for any w ∈ W, p ∈ MW and v ∈ V . Denote the quotient
bundle as MW ×W V , and the quotient map from MW ×V to MW ×W V as π. We have the
following Lemma, for details and bakgrounds about these onnetions see Setion 4 of [?℄ .
Lemma 2.1. If ρ(w)Xiρ(w)
−1 = Xw(i) for any i ∈ P and w ∈ W, then Ω indue a
onnetion
Ω on MW ×W V, whose pull bak through by π is Ω.
If a onnetion satisfy the ondition in above Lemma, we all it as W−invariant.
Suppose ER is a n dimensional Elidean spae, denote the bilinear form on ER as <,>.
W ⊂ O(ER) is a nite reetion group with the set of reetions denoted as R. Suppose W
is essential, whih means the xed subspae of W in ER is 0. Denote the omplexiation
ER⊕√−1ER of ER as E. There is a natural positive denite Hermitian form on E extending
the metri on ER dened as:
< v+
√
−1w, v
′
+
√
−1w
′
>=< v, v
′
> +
√
−1 < w, v
′
> −
√
−1 < v,w
′
> + < w,w
′
> .
Denote the distane of two points p, q ∈ E determined by this Hermitian metri as d(p, q).
Beause R ontain only order 2 elements, the map i from R to P (index set of reetion
hyperplanes) is bijetive. So we simply set P = R and denote the reetion hyperplane
in ER of s as Hs. Denote the omplexiation of Hs as H
C
s , whih is a hyperplane in E.
It is a well-known fat (for example see [Hu℄) that eah path omponent of ER − ∪s∈RHs
is a simpliial one. Choose one from these ones, denote the losure of it as ∆. Denote
the n reetion hyperplanes (of W) orresponding to n odimension one faes of ∆ as
Hs1 , · · · , Hsn . The following Theorem is anonial (see [Hu℄).
Theorem 2.2. The group W is generated by s1, · · · , sn with the following relations.
1) s2i = 1, 1 ≤ i ≤ n; 2) [sisj · · · ]mi,j = [sjsi · · · ]mi,j, 1 ≤ i 6= j ≤ n.
Here the expression [xy · · · ]m means a word with length m ,in whih the letters x, y
appear alternatively, and whose left most subword is xy. Similarly we dene [· · · xy]m.
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The symmetri matrix Γ = (mi,j)n×n is alled the Coxeter matrix of W, whih is equiv-
alent to a Dynkin diagram under ertain simple rules.
Now onsider the spae MW/W. Denote the quotient map from MW to MW/W as π.
Choose a inner point p ∈ ∆. Notie sine ER is a subspae of its omplexiation E, p
belongs to MW . Denote π(p) as p. Denote the segment onneting p with si(p) as γi,
whih interseting Hsi in one point pi. Chose 0 < ǫ << 1. Let p
′
i be the point on γi ∩ ∆
satisfying: d(p
′
i , pi) = ǫ. Set p
"
i = si(p
′
i) (also belong to Γi). Denote the vetor si(p) − p as
αi, then the reetion si an be presented as si(v) = v−
2<v,αi>
<αi,αi>
αi. denote the path from p
to p
′
i as γ
′
i , and the path from p
"
i to si(p) as γ
"
i. Dene the following path ηi from p
′
i to p
"
i
as: ηi : [0, 1]→ E, t 7→ p ′i−(1−expπ
√
−1t)
<p
′
i ,αi>
<αi,αi>
αi. Denote the omposed path γ
"
i ◦ηi ◦γ
′
i
as li. It is easy to see when ǫ is small enough, the path li lie in MW , and it projet to a
losed path
li in MW/W based at p. Denote the element of π1(MW/W, p) represented by
li as σi.
Theorem 2.3 (Brieskorn [Bri℄). The group π1(MW/W, p) is generated by σ1, · · · , σn with
the following relations.
[σiσj · · · ]mi,j = [σjσi · · · ]mi,j for 1 ≤ i 6= j ≤ n.
The group π1(MW/W, p) is the Artin group of type W, whih will be denoted as AW .
The following results about monodromy of at onnetions will be used later. SupposeW is
a nite Coxeter group, andMW , ∆, si, Hi, p, p dened as above. Suppose ρ : W → GL(V)(or
Aut(V)) is a nite dimensional omplex linear representation of W, and Ω = κ
∑
s∈R Xsωs
is a W-invariant at onnetion on a trivial vetor bundle MW × V , where Xs ∈ End(V)
for any s ∈ R. Denote the at onnetion on MW ×W V indued by Ω as Ω. Denote the
monodromy representation of
Ω as T : π1(MW/W, p)→ GL(V). Then
Lemma 2.2 (Proposition 2.3 of [Ma2℄). For generi κ, the operator T(σi) is onjugated
to ρ(si) exp(κ
√
−1πXsi) in GL(V).
Now suppose L is an edge of the arrangement {Hs}s∈R, whih means L ⊂ E is the
nonempty intersetion of several members of {Hs}s∈R. Set RL = {s ∈ R|L ⊂ Hs}, and
MWL = E − ∪s∈RLHs. It is a anonial result (see [Hu℄) that the subgroup WL gener-
ated by RL is the maximal subgroup of W xing L pointwise. As a reetion group it has
its own assoiated Artin group AWL and pure Artin group PWL . It is lear that we have
identiations: PWL
∼= π1(MWL) and AWL
∼= π1(MWL/WL). Now hoose a point q ∈ L
suh that q /∈ Hs for any s /∈ RL. We an hoose ǫ > 0 small enough suh that the ball
Dǫ(q) = {a ∈ E|d(a, q) < ǫ} has empty intersetion with any Hs(s /∈ RL). It is easy to see
the natural morphism π1(Dǫ(q) ∩MW) → π1(MWL) indued by the inlusion map is an
isomorphism, thus the morphism π1(Dǫ(q) ∩MW) → π1(MW) indued by inlusion map
gives us an injetive morphism: λL : PWL → PW . Sine Dǫ(q) is setwise stabilized by WL,
λL an be extend to an injetive morphism λL : AWL → AW .
Assume (V, ρ), Ω as above. On the trivial bundle MWL × V we dene the following
onnetion: Ω
′
= κ
∑
s∈RL Xsωs. it is easy to see Ω
′
is also a at and WL-invariant onne-
tion, so it indue a at onnetion
Ω
′
on the quotient bundle MWL ×WL V . The onnetion
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Ω
′
indue a monodromy representation TL : AWL → GL(V). On the other hand, by the
injetion
λL we have another representation T ◦λL of AWL : AWL → AW → GL(V). In [Ma2℄
the following theorem is presented.
Theorem 2.4. Assume above onventions. For generi κ, the representation (V, TL) is
isomorphi to (V, T ◦ λL).
Let W ⊂ U(E) be a nite pseudo reetion group. In [CH℄ the author introdued a
Brauer type algebra BrW(Π) assoiated with W, whih is dened as follows. Set notations
R,A, P, i(s), s ∼ s ′ , i ∼ i ′ , R(i, j) as above. Choose onstants {ks}s∈R ∪ {αi}i∈P suh that
ks = ks ′ if s ∼ s
′
and αi = αi ′ if i ∼ i
′
. Denote {ks}s∈R ∪ {αi}i∈P by one symbol Π. For i 6= j
we denote Hi ⋔ Hj if {k ∈ P | Hi ∩ Hj ⊂ Hk} = {i, j}. A odimension 2 edge L of A will be
alled a rossing edge if there exists i, j ∈ P suh that Hi ⋔ Hj and L = Hi ∩ Hj, otherwise
L will be alled a nonrossing edge.
Definition 2.1. The algebra BrW(Π) assoiated with pseudo reetion group W ⊂ U(E)
is generated by the set {Tw}w∈G ∪ {ei}i∈P whih satises the following relations.
0) Tw1Tw2 = Tw3 if w1w2 = w3.
1) Tsiei = eiTsi = ei, for i ∈ P.
1)
′
Twei = eiTw = ei, for w ∈ G suh that w(Hi) = Hi, and Hi ∩Ew is a nonrossing
edge. Where Ew = {v ∈ E|w(v) = v}.
2) e2i = αiei .
3) Twej = eiTw , if w ∈ G satises w(Hj) = Hi.
4) eiej = ejei, if Hi ⋔ Hj .
5) eiej = (
∑
s∈R(i,j) ksTs)ej = ei(
∑
s∈R(i,j) ksTs) , if Hi ∩Hj is a nonrossing edge, and
R(i, j) 6= ∅.
6) eiej = 0, if Hi ∩Hj is a nonrossing edge, and R(i, j) = ∅.
It is proved in [CH℄(Theorem 8.4) that when W is a nite type Coxeter group with Cox-
eter matrix (mi,j)n×n, the algebra BrW(Π) is isomorphi to the following algebra Br
′
WM
(Π)
with a anonial presentation.
Definition 2.2. For any Coxeter matrix M = (mi,j)n×n, the algebra Br
′
WM
(Π) is dened
as follows. Let Π be as in Denition 2.1. Denote αsi in Υ as αi. If we don't give
range for an index then it means "for all". The generators are S1, · · · , Sn, E1, · · · , En.
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The relations are
1)S2i = 1; 8)EiwEj = 0 for any word w
2)[SiSj · · · ]mi,j = [SjSi · · · ]mi,j ; omposed from {Si, Sj}If mi,j = 2k > 2;
3)SiEi = Ei = EiSi; 9)Ei[SjSi · · · ]2l−1Ei = (ks + ks ′ )Ei
4)E2i = αiEi; for 1 ≤ l ≤ k, If mi,j = 2k > 2.
5)SiEj = EjSiif mi,j = 2; Where s = [SjSi · · · ]2l−1, s ′ = [SjSi · · · ]2(k+l)−1.
6)EiEj = EjEiif mi,j = 2; 10)Ei[SjSi · · · ]2l−1Ei = ksǫEi
7)[SjSi · · · ]2k−1Ei for 1 ≤ l ≤ k, if mi,j = 2k+ 1;
= Ei[SjSi · · · ]2k−1 = Ei, Where ǫ = i(j)if lis odd (even) .
if mi,j = 2k > 2; 11)[SiSj · · · ]2kEi = Ej[SiSj · · · ]2kIf mi,j = 2k + 1.
An important feature of the algebra BrW(Π) is it supports the following W-invariant,
at formal onnetion
Definition 2.3. The KZ onnetion of BrW(Π) is the following formal onnetion on
MW × BrW(Π): ΩW = κ
∑
i∈P(
∑
s:i(s)=i ksTs − ei)ωi.
The following fat is from Proposition 5.1 of [CH℄.
Proposition 2.1. The onnetion ΩW is at and W-invariant.
This onnetion an deform every nite dimensional representation of BrW(Π) to a
representation of BW ,the assoiated braid group. We have the following example. Let
R, P,MW ,ωi be dened as above. Set VW = C < vi >i∈P be a omplex linear spae with
a basis in one to one orrespondene with the set of reetion hyperplanes of W. The
permutating ation of W on P indues a representation ι of W on VW in a natural way:
ι(w)(vi) = vw(i) for any w ∈ W and i ∈ P. Let the data {ks}s∈R ∪ {αi}i∈P be Π in BrW(Π).
For i ∈ P, dene an element pi ∈ End(VW) as by pi(vi) = αivi; pi(vj) = (
∑
t∈R:t(j)=i kt)vi.
So pi is a projetor to the line Cvi.
Lemma 2.3. The map Tw 7→ ι(w) for w ∈ W and ei 7→ pi for i ∈ P extends to a
representation ρLK : BrW(Π)→ End(VW).
We all this representation as the innitesimal Lawrene-Krammer representation. So
the onnetion ΩLKW = κ
∑
i∈P(
∑
s∈R:i(s)=i ksι(s) − pi)ωi on the vetor bundle MW × VW is
at and W-invariant by Proposition 2.1. ΩLKW indues a at onnetion
ΩLKW on the bundle
MW ×W VW ,whose monodromy representation is dened as the generalized Lawrene-
Krammer representations (of AW). The generalized Lawrene-Krammer representations
for nite type simply-laed Artin groups are invented by Cohen and Wales in [CW℄, and
Digne in [Di℄ independently. In [Ma2℄ Marin introdued generalized Lawrene-Krammer
representations for pseudo reetion groups whose pseudo reetions all have order 2. Above
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slightly further generalization of Marin's work an be found in [CH℄, whih is put in the
frame of BrW(Π) for later onveniene.
Consider the permutating ation ofW on P, denote the spae of orbits as P/W. For eah
c ∈ P/W, it is easy to see VW,c = C < vi >i∈c is a sub representation of ρLK. Thus we have
a deomposition ρLK = ⊕c∈P/WρLK,c aording to the deomposition VW = ⊕c∈P/WVW,c.
In dihedral ases (where we an set P = R ), when m is odd, the set of reetions R of
Dm ontains only one orbit. When m is even, let c0 ⊂ R, c1 ⊂ R be those reetions
onjugated to s0, s1 respetively. Then we have VDm = VDm,c0 ⊕ VDm,c1 , orrespondingly
ρLK = ρLK,c0 ⊕ ρLK,c1 .
The following result follows from Proposition 3.4 and Proposition 4.2 of [Ma2℄.
Lemma 2.4. When m is odd, for generi k, α, the innitesimal Lawrene-Krammer
representation ρLK is irreduible. When m is even, for generi k0, α0, k1, α1, the rep-
resentations ρLK,c0 , ρLK,c1 are irreduible.
3 Generalized Lawrence-Krammer Representations
SupposeW is a nite Coxeter group. We assume the onventions for E, R,MW as in Setion
2. We study the generalized Lawrene-Krammer representation in detail for the ases when
W is a dihedral group, as they will play an important role in the next setion.
Denote the dihedral group of type I2(m) as Dm. The arrangement of its reetion
hyperplanes an be explained with the following Figure 1.
H0
H1
H
2
H3
H4
H
5
m=6
Figure 1: The arrangement of D6
There are m lines(hyperplanes) passing the origin. The angle between every two neigh-
boring lines is π/m. Suppose the x-axis is one of the reetion lines and denote it as H0,
we denote these lines by H0, H1, · · · , Hm−1 in antilokwise order as shown in above graph.
Denote the reetion by Hi as si. The set of reetions in Dm is R = {si}0≤i≤m−1. Denote
the rotation of 2jπ/m in antilokwise order as rj. It is well known that Dm is generated
by s0, s1 with the following presentation
< s0 , s1, |(s0s1)
m = 1, s20 = s
2
1 = 1 > .
9
The assoiated Artin group AWm has a presentation:
< σ0, σ1, |[σ0σ1 · · · ]m = [σ1σ0 · · · ]m > .
As a set Dm = {si, ri}0≤i≤m−1. Under this presentation, si an be determined indutively
in the following way. s1 = s1, s2 = s1s0s1 and si = si−1si−2si−1. Reall by [sisj · · · ]k we
denote the length k word starting with sisj, in whih si and sj appear alternatively. The
word [· · · s0s1]k is dened similarly. Then si = [s1s0 · · · ]2i−1, where sm = [s1s0 · · · ]2m−1 = s0.
The cases when m is odd Reall the onnetion ΩLKW on MW × VW in Lemma 2.2. We
denote Dm simply as W in this paragraph. For these ases all reetions in W lie in one
onjugating lass. So the onstants ks all equal to some k and onstants αs all equal to
some α. We simply denote the base elements vsi of VW as vi, the projetor psi as pi, and
ωsi as ωi for 0 ≤ i ≤ m− 1. The onnetion an be rewritten as:
Ωm =
m−1∑
i=0
κ(kι(si) − pi)ωi, (2)
Where the W representation (VW, ι) is as in Setion 2, and pi is dened by pi(vi) =
αvi;pi(vj) = kvi if j 6= i. Denote the indued at onnetion on MW ×W VW as Ωm
and the monodromy representation of
Ωm as TLK : AW → GL(VW).
Lemma 3.1. Set q = exp(κkπ
√
−1) and l = exp(καπ
√
−1)/q. For generi κ,
(1) (TLK(σi) − l
−1)(TLK(σi) − q)(TLK(σi) + q
−1) = 0 for i = 0, 1.
(2) ei =
l
q−1−q
(TLK(σi) − q)(TLK(σi) + q
−1) is a projetor, i.e, Rankei = 1 for i = 0, 1.
Proof. We only need to prove the ase i = 0. Another ase is similar. First we diagonalize
ι(s0) under ertain basis {u0, · · · , um−1} where u0 = v0. Under the same basis κ(kι(s0)−p0)
is presented by a matrix whose entries other than the diagonal and the rst olumn are zero.
Now by Lemma 2.2, the operator TLK(σ0) is onjugated to ι(s0) exp(
√
−1πκ(kι(s0) − p0)).
Under the basis {ui}, the operator ι(s0) exp(
√
−1πκ(kι(s0) − p0)) is still presented by a
matrix whose entries other than the diagonal and the rst olumn are zero, and whose (1, 1)
entry is l−1 ,other diagonal entries are q, q−1. When κ(k − α) /∈ {κk + Z} ∪ {−κk + Z}}, so
l−1 /∈ {q, q−1}, we see ι(s0) exp(
√
−1πκ(kι(s0) − p0)) is also diagonalizable with eigenvalues
q,−q−1, l−1, and the eigenspae of l−1 is one dimensional. So omplete the proof.
The cases when m = 2k is even In this paragraph denote Dm(m being even)as W. In
these ases the set of reetions in W onsists of two onjugay lasses, represented by s0,
s1 respetively. So onstants for the onnetion onsists of ks0 , ks1 , αs0 , αs1 . Denote them
simply by k0, k1, α0, α1. Denote the basis element vsi of VW as vi, projetors psi as pi, and
ωsi as ωi for 0 ≤ i ≤ m− 1. The onnetion ΩLKW an be rewritten as
Ωm = κ(
k−1∑
i=0
(k0ι(s2i) − p2i)ω2i +
k−1∑
i=0
(k1ι(s2i+1) − p2i+1)ω2i+1). (3)
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Where pi (0 ≤ i ≤ m − 1) is determined by: pi(vj) = 0 if 2 ∤ i − j; pi(vj) = 2vi if 2 | i − j
and i 6= j; pi(vi) = k0vi if i is odd; pi(vi) = k1vi if i is even. Denote the at onnetion on
MW ×W VW indued from Ωm as Ωm, and denote the monodromy representation of Ωm as
TLK : AW → GL(VW). We have the following Lemma. The proof is similar to Lemma 3.1.
Lemma 3.2. Set qi = exp(κkiπ
√
−1) and li = exp(καiπ
√
−1)/qi for i = 0, 1. For
generi ki and αi,
(1) (TLK(σi) − l
−1
i )(TLK(σi) − qi)(TLK(σi) + q
−1
i ) = 0 for i = 0, 1.
(2) ei =
li
q−1
i
−qi
(TLK(σi)−qi)(TLK(σi)+q
−1
i ) is a projetor, i.e, Rankei = 1 for i = 0, 1.
The following lemma is a easy fat.
Lemma 3.3. Suppose V is a Hermitian vetor spae whose distane is denoted as d(, ).
Suppose {vi}i=1,··· ,m ⊂ V span V. Then there exists ǫ > 0, suh that d(v ′i , vi) < ǫ for
i = 1, · · · ,m implies {v ′i }i=1,··· ,m span V.
Definition 3.1. Let V be a linear spae. A set {Ai}i∈I ⊂ gl(V) is alled irreduible on
V if for any v ∈ V, the set {Ai(v)}i∈I span V.
Lemma 3.4. Let V be a nite dimensional Hermitian linear spae. Suppose {Ai}i=1,··· ,m ⊂
gl(V) is a nite set being irreduible on V. Then there exists ǫ > 0 suh that
d(A
′
i , Ai) < ǫ for i = 1, · · · ,m implies that {A
′
i }i=1,··· ,m is irreduible on V. Where
A
′
i ∈ gl(V), and d( , ) is a metri on gl(V) dened by d((ai,j), (bi,j)) =
∑
i,j |ai,j − bi,j|
2
(Here we suppose a basis of V has been hosen, so identify gl(V) with the matrix
algebra.)
Proof. Denote the projetive spae of V as P(V). By Lemma 4.3, for any [v] ∈ P(V) we an
easily nd a neighborhood U([v]) of [v] and a onstant ǫ[v] > 0 suh that [v
′
] ∈ U([v]) and
d(A
′
i , Ai) < ǫ for i = 1, · · · ,m implies that {A
′
iv
′
}i=1,··· ,m span V . From this we an nd a
onstant ǫ > 0 suh that if d(A
′
i , Ai) < ǫ for i = 1, · · · ,m, then {A
′
i }i=1,··· ,m is irreduible
on V , beause P(V) is ompat.
Lemma 3.5. When m is odd, for generi data Π and κ, the representation TLK is
irreduible. When m is even, for generi data Π and κ, the representations TLK,0, TLK,1
are irreduible.
Proof. First onsider the ases when m is odd. As in setion 2, set Π = {k, α}, the map
si 7→ ι(si), ei 7→ pi (i = 0, 1) extends to a representation ρLK : BrDm(Π) → End(VDm).
Where pi, ι(w) are dened as in setion 3. Then the onnetion Ωm (equation (1)) an be
rewritten as Ωm =
∑m−1
i=0 (kρLK(si)−ρLK(ei))ωi. By Theorem 6.1 of [CH℄ we know BrDm(Π)
has dimension 2m +m2. Suppose x1, · · · , x2m+m2 is a basis of BrDm(Π), and suppose the
generating set {s0, s1, e0, e1} ⊂ x1, · · · , x2m+m2 . By Lemma 2.4, we know for generi Π, the
set of operators {ρLK(x1), · · · , ρLK(x2m+m2)} is irreduible on VDm . Now by Lemma 2.2, we
have
TLK(σ0) = ρLK(s0) exp(
√
−1πκ(kρLK(s0) − ρLK(e0))) = ρLK(s0) +O(κ) (4)
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and
TLK(σ1) = A(κ)ρLK(s1) exp(
√
−1πκ(kρLK(s1) − ρLK(e1)))A(κ)
−1 = ρLK(s1) +O(κ) (5)
for suitable matrix A(κ) suh that A(κ) = I+O(κ). So we have
1
2
√
−1πκ
(TLK(σ0)
2 − 1) = kρLK(s0) − ρLK(e0) +O(κ). (6)
Similarly we have
1
2
√
−1πκ
(TLK(σ1)
2−1) = A(κ)(kρLK(s1)−ρLK(e1))A(κ)
−1+O(κ) = (kρLK(s1)−ρLK(e1))+O(κ).
(7)
Apply Lemma 3.4 to the set {ρLK(x1), · · · , ρLK(x2m+m2)}, we obtain some ǫ > 0. Sine
{s0, s1, ks0− e0, ks1− e1} generate BrDm(Π), by above equations (3), (4), (5), (6), we an nd
elements {X1, · · · , X2m+m2 } ⊂ CADm and η > 0, suh that if κ < η then d(TLK(Xi), ρLK(xi)) <
ǫ for 1 ≤ i ≤ 2m +m2. Where d(A,B) is the distane introdued in Lemma 3.4. So by
Lemma 3.4 for those Π and κ < η, the representation TLK is irreduible. So we see the subset
of κ with whih the representations are irreduible ontains an open set. Sine the subset
of κ with whih the representation TLK being reduible is a subvariety, we see for generi κ
the representation TLK is irreduible. The ases when m is even an be proved similarly.
Denote the free monoid generated by X0, X1, E0, E1 as Λ. Letm be an odd positve integer,
and Π = (k, α) ∈ C× × C, or m being an even positive integer and Π = (k0, k1, α0, α1) ∈
(C×)2 × C2. For X ∈ Λ, dene f(X) ∈ End(VW) to be the morphism obtained by replae
letters X0, X1, E0, E1 in X with TLK(σ0), TLK(σ1), e0, e1 respetively. For example, f(X0E0E1) =
TLK(σ0)e0e1 ∈ End(VW).
Definition 3.2. Choose generi onstants system Π and κ. The map Φim,Π,κ : Λ → C
(i = 0, 1) is dened by the following identity. eif(X)ei = Φ
i
m,Π,κ(X)ei.
Remark 3.1. Above denition makes sense beause for any φ ∈ End(V), eiφei ∈ Cei
sine ei's are projetors by Lemma 3.1 and Lemma 3.2.
Now we present the denition of Birman-Murakami-Wenzl algebras for dihedral groups.
Let W be a nite Coxeter group, suppose the set of reetions R in W onsists of nW
onjugay lasses Ci (i = 1, · · · , nW). We assoiate a pair of numbers (ki, αi) ∈ C××C with
eah lass Ci, and denote the data of all (ki, αi) as Π. We denote the BMW algebra assoiated
with W (to be dened ) as BW(Π, κ), where κ ∈ C. If W is of type Γ ( Γ is a Coxeter matrix
or Dynkin diagram ), we also denote the assoiated BMW algebra as BΓ(Π, κ). Suppose
m = 2l. So Π = {k0, α0, k1, α1}. Set qi = exp(κ
√
−1πki), li = exp(καiπ
√
−1)/qi for
i = 0, 1.
Definition 3.3. The algebra BDm(Π) is generated by X
±
0 , X
±
1 , E0, E1 with following rela-
tions.
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1) XiX
−
i = 1, i = 0, 1;
2) [X0X1 · · · ]m = [X1X0 · · · ]m;
3) (q−1i − qi)Ei = li(Xi − qi)(Xi + q
−1
i ) for i = 0, 1;
4) XiEi = EiXi = l
−1
i Ei for i = 0, 1;
5) EiXEi = Φ
i
m,Π,κ(X)Ei for any X ∈ Λ, i = 0, 1;
6) E0XE1 = 0 = E1XE0 for any X ∈ Λ.
When is odd, the data Π = {k, α}. Set q = exp(κ
√
−1πk) and l = exp(καπ
√
−1)/q.
Definition 3.4. The algebra BDm(Π, κ) is generated by X0, X1, E0, E1 with following re-
lations.
1) XiX
−
i = 1, i = 0, 1;
2) [X0X1 · · · ]m = [X1X0 · · · ]m;
3) (q−1 − q)Ei = l(Xi − q)(Xi + q
−1) for i = 0, 1;
4) XiEi = EiXi = l
−1Ei for i = 0, 1;
5) EiXEi = Φ
i
m,Π,κ(X)Ei for any X ∈ Λ,i = 0, 1.
Remark 3.2. Above 5) of Denition 3.3 and 4) of Denition 3.4 looks ontaining
innite many relations. But it isn't hard to see we an hoose nite many X in these
relations to obtain the same algebra.
4 BMW type algebra associated with dihedral groups
In this setion we study the algebras BDm(Π, κ) to ertify from several aspets that they
are suitable deformations of the Brauer type algebras introdued in [CH℄. The following
Proposition 4.1 is easy to see.
Proposition 4.1. Denote the ideal in BDm(Π, κ) generated by E0, E1 as Im. Then when
m is odd, the quotient algebra BDm(Π, κ)/Im is isomorphi to the Heke algebra HDm(q).
When m is even, BDm(Π, κ)/Im is isomorphi to the Heke algebra HDm(q0, q1) of multi-
parameters.
Set τ =
l(l−1−q)(l−1+q−1)
q−1−q
; τi =
li(l
−1
i
−qi)(l
−1
i
+q−1
i
)
q−1
i
−qi
for i = 0, 1.
Lemma 4.1. In BDm(Π, κ) for odd m we have
(1) E2i = τEi for i = 0, 1;
(2) E1[X0X1 · · · ]m−1 = [X0X1 · · · ]m−1E0.
In BDm(Π) for even m we have
(3) E2i = τiEi for i = 0, 1;
(4) E1[X0X1 · · · ]m−1 = [X0X1 · · · ]m−1E1;
(5) E0[X1X0 · · · ]m−1 = [X1X0 · · · ]m−1E0;
(6) [· · ·X1X0]m−1E1 = E1[· · ·X1X0]m−1 = τ−11 Φ1m,Π([· · ·X1X0]m−1)E1;
(7) [· · ·X0X1]m−1E0 = E0[· · ·X0X1]m−1 = τ−10 Φ0m,Π([· · ·X0X1]m−1)E0.
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Proof. (1), (3) are by simple omputations. To show (2), we use relation (3) of Deni-
tion 3.3 and the identities Xi1[X0X1 · · · ]m−1 = [X0X1 · · · ]m−1Xi0 for nonzero i's. The proof
of (4), (5) are similar to (2). For (6), we start from the equation E1[· · ·X1X0]m−1E1 =
Φ1m,Π([· · ·X1X0]m−1)E1, whih is a speial ase of relation (5) in Denition 3.2. Then by the
proved equations (4), (1) of this lemma, the left side equals τ−11 [· · ·X1X0]m−1E1 and (6) is
proved. The proof of (7) is similar.
Lemma 4.2. (1) When m is odd, the algebra BDm(Π, κ) is spanned by the subset
{[X0X1 · · · ]i|0 ≤ i ≤ m}∪{[X1X0 · · · ]j|1 ≤ j ≤ m−1}∪{[· · ·X0X1]iE0[X1X0 · · · ]j|0 ≤ i, j ≤ m−1}.
(2) When m = 2k is even, the algebra BDm(Π, κ) is spanned by the subset {[X0X1 · · · ]i|0 ≤
i ≤ m}∪{[X1X0 · · · ]j|1 ≤ j ≤ m−1}∪{[· · ·X0X1]iE0[X1X0 · · · ]j|0 ≤ i, j ≤ k−1}∪{[· · ·X1X0]iE1[X0X1 · · · ]j|0 ≤
i, j ≤ k− 1}.
Proof. First we prove (1). It is a well known fat that the Heke algebra Hm(q) an
be spanned by the subset {[X0X1 · · · ]i|0 ≤ i ≤ m} ∪ {[X1X0 · · · ]j|1 ≤ j ≤ m − 1} for any
q. So by Proposition 4.1, we only need to show the ideal Im is spanned by the subset
{[· · ·X0X1]iE0[X1X0 · · · ]j|0 ≤ i, j ≤ m− 1}. Now by (2) of Lemma 4.1, Im an be spanned by
{f(X±0 , X
±
1 , E0)}, whih is the set of words omposed by letters E0, X
±
i . By (5) of Denition
3.4 and (1) of Lemma 4.1 we see Im an be spanned by those words in {f(X
±
0 , X
±
1 , E0)} whih
ontain only one E0. Then by (3), (4) of Denition 3.3, Im an be spanned by the set
{[· · ·X0X1]n1E0[X1X0 · · · ]n2 }. Denote the spae spanned by {[· · ·X0X1]iE0[X1X0 · · · ]j|0 ≤ i, j ≤
m− 1} as I
′
m. We prove I
′
m is stable under the multipliation by X0, X1 from left side.
Case 1. i < m − 1 and i is odd, then the left most letter in [· · ·X0X1]i is X1, so
we write the word in disussion as [X1 · · ·X0X1]iE0[X1X0 · · · ]j. Sine i < m − 1, X0 ·
[X1 · · ·X0X1]iE0[X1X0 · · · ]j ∈ I ′m. And we have X1 · [X1 · · ·X0X1]iE0[X1X0 · · · ]j =
X21[· · ·X0X1]i−1E0[X1X0 · · · ]j = E1[· · ·X0X1]i−1E0[X1X0 · · · ]jmodI
′
m by (3) of Denition
3.4. Using (2) of Lemma 4.1, we have E1[· · ·X0X1]i−1E0[X1X0 · · · ]j =
[· · ·X0X1]m−1E0[· · ·X0X1]−1m−1[· · ·X0X1]i−1E0[X1X0 · · · ]j = γ[· · ·X0X1]m−1E0[X1X0 · · · ]j for
some γ ∈ C by (5) of Denition 3.4.
Case 2. i < m−1 and i is even, then the word an be written as [X0 · · ·X0X1]iE0[X1X0 · · · ]j.
Sine i < m − 1, X1 · [X0 · · ·X0X1]iE0[X1X0 · · · ]j ∈ I ′m. It is easy to see we have also
X0 · [X0 · · ·X0X1]iE0[X1X0 · · · ]j ∈ I ′m.
Case 3. i = m − 1. It is easy to see X0[· · ·X0X1]m−1E0[X1X0 · · · ]j ∈ I ′m. And we have
X1[· · ·X0X1]m−1E0[X1X0 · · · ]j = X1E1[· · ·X0X1]m−1[X1X0 · · · ]j =
l−1E1[· · ·X0X1]m−1[X1X0 · · · ]j = l−1[· · ·X0X1]m−1E0[X1X0 · · · ]j ∈ I ′m.
Similarly we an prove I
′
m is stable by multipliation by X0, X1 from the right side. So
(1) is proved.
For (2), denote the subspae in BDm(Π, κ) spanned by
{[· · ·X0X1]iE0[X1X0 · · · ]j|0 ≤ i, j ≤ k− 1} ∪ {[· · ·X1X0]iE1[X0X1 · · · ]j|0 ≤ i, j ≤ k− 1}
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as I
′
m. We only need to show Im = I
′
m as well. Similar disussions by using Deni-
tion 3.3 (Notie the relation (6) ) and Lemma 4.1 show that Im is spanned by the set
{[· · ·X0X1]n1E0[X1X0 · · · ]n2 }∪ {[· · ·X1X0]n1E1[X0X1 · · · ]n2 }. So it is enough to show that I
′
m is
stable under the left and right multipliation by X0, X1. It suÆe to show the left ase and
the ases for words {[· · ·X0X1]iE0[X1X0 · · · ]j|0 ≤ i, j ≤ k− 1}. Other ases are similar.
Case 1. i < k − 1 and i is odd. Then the word in disussion an be presented as
[X1 · · ·X0X1]iE0[X1X0 · · · ]j. Sine i < k− 1 we have X0 · [X1 · · ·X0X1]iE0[X1X0 · · · ]j ∈ I ′m. On
the other hand, X1 · [X1 · · ·X0X1]iE0[X1X0 · · · ]j = X21[· · ·X0X1]i−1E0[X1X0 · · · ]j ∈ I
′
m by (3), (6)
of Denition 3.3.
Case 2. i < k − 1 and i is even. The word an be written as [X0 · · ·X0X1]iE0[X1X0 · · · ]j.
Sine i < k− 1 we have X1 · [X0 · · ·X0X1]iE0[X1X0 · · · ]j ∈ I ′m. On the other hand,
X0·[X0 · · ·X0X1]iE0[X1X0 · · · ]j = X20[· · ·X0X1]i−1E0[X1X0 · · · ]j ∈ I
′
m by (3), (5) of Denition
3.3.
Case 3. i = k−1. If k is odd, then the word an be written as [X0 · · ·X0X1]k−1E0[X1X0 · · · ]j.
Now we have
X0 · [X0 · · ·X0X1]k−1E0[X1X0 · · · ]j ∈ I ′m by (3), (5) of Denition 3.3. And we have
X1 · [X0 · · ·X0X1]k−1E0[X1X0 · · · ]j = τ−10 Φ0m,Π([· · ·X0X1]m−1)[· · ·X1X0]−1k−1E0[X1X0 · · · ]j =
τ−10 Φ
0
m,Π([· · ·X0X1]m−1)[· · ·X−10 X−11 ]k−1E0[X1X0 · · · ]j = γ[· · ·X0X1]k−1E0[X1X0 · · · ]j mod I
′
m
for some γ ∈ C. Where the rst " = " in above equation is by (7) of Lemma 4.1, the third
" = " is by iterated use of Denition 3.3. The ases of k being even and i = k − 1 are easy
to see.
The dihedral group D3 is just the symmetri group S3. We have
Proposition 4.2. The algebra BD3(Π, κ) in Denition 3.4 is isomorphi the BMW
algebra B3(q, l).
Proof. By omparing Denition 1.1 for B3(q, l)(BA2(q, l)) with Denition 2.1 for BD3(Π, κ),
we only need to prove that the relation 5) of Denition 3.4 an be indued from relations
in Denition 1.1 for B3(q, l). First, for B3(q, l), let X be any word omposed from Xi, Ei
(i = 0, 1), we laim there exist φ(X), ψ(X) ∈ C[q±, l±], suh that E0XE0 = φ(X)E0, E1XE1 =
ψ(X)E1. Denote the length of a word X as l(X). Call letters X0, E0 (X1, E1) as of type 0
(type1). By relations in Denition 1.1, we only need to onsider those X in whih type 0
letters and type 1 letters appear alternatively and l(x) being odd. It is proved in Proposition
2.3 of [CGW1℄ that E0E1E0 = E0 and E1E0E1 = E1. So the laim is true for l(X) = 0, 1.
Suppose we have proved the laim for l(X) ≤ 2k + 1. Now suppose l(X) = 2k + 3. For the
ase E0XE0, we an assume the letter E0 doesn't appear in X and E1 appear in X at most
one. Beause otherwise we an use indution. So we only need to onsider those X with
l(X) ≤ 3. Beause if l(X) ≥ 5, by assumption above X = X1X0A1Y or X = YA1X0X1, where
A1 = X1 or E1. Now E0X1X0A1YE0 = X1X0E1A1YE0 = λX1X0E1YE0 = λE0X1X0YE0 for some
λ ∈ C[q±, l±], whih implies E0X1X0A1YE0 ∈ C[q±, l±]E0 beause l(X1X0Y) < l(X). So to
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prove the laim for E0XE0, we are left with the ases X ∈ {X1X0X1, E1X0X1, X1X0E1}, whih
an be ertied by simple omputations. The ases for E1XE1 an be proved similarly.
Sine the Lawrene-Krammer representation fator through B3(q, l), we see φ(X) =
Φ03,Π,κ(X) and ψ(X) = Φ
1
3,Π,κ(X), where Π = {α, k} suh that q = exp(κ
√
−1πk), l = qα−1.
When m is odd, suppose (V, ρ) is a nite dimensional representation of BrDm(Π), where
Π = {k, α}. Then on the trivial bundle MDm × V we have a Dm-invariant at onnetion
ρ(ΩDm) = κ
m−1∑
i=0
(kρ(si) − ρ(ei))ωi. (8)
It indues a at onnetion ρ( ΩDm) on MDm ×Dm V , whose monodromy representation
will be denoted as Tρ : ADm → GL(V). When m = 2k is even, suppose (V, ρ) is a nite
dimensional representation of BrDm(Π), where Π = {k0, α0; k1, α1}. Similarly by using the
Dm-invariant at onnetion
ρ(ΩDm) = κ[
k−1∑
i=0
(k0ρ(s2i) − ρ(e2i))ω2i +
k−1∑
i=0
(k1ρ(s2i+1) − ρ(e2i+1))ω2i+1], (9)
we obtain a monodromy representation Tρ: ADm → GL(V).
Proposition 4.3. (1) Suppose m is odd. Let the data Π be generi so that BrDm(Π)
is a semisimple algebra. Then for generi κ, the representation Tρ of ADm fators
through the algebra BDm(Π, κ). (2) Suppose m is even. Let the data Π be generi so
that BrDm(Π) is a semisimple algebra. Then for generi κ, the representation Tρ of
ADm fators through the algebra BDm(Π, κ) .
Proof. We prove (2), the proof of (1) is similar and easier. So let m be even. Denote
the natural quotient map from BrDm(Π) to CDm as πm. Suppose ρ1, · · · , ρv are all the
irreduible representations of CDm, denote the representation of BrDm(Π) indued from
ρi through πm as ρi. As in Lemma 2.4, we have two more representation ρLK,c0 , ρLK,c1 of
BDm(Π). By Theorem 6.1 ,Theorem 6.3 of [CH℄, we know for generi data Π, the algebra
BrDm(Π) is semisimple and ρ1, · · · , ρv, ρLK,c0 , ρLK,c1 are all the irreduible representations of
BrDm(Π). So beause of semisimpliity of BrDm(Π), we only need to prove the proposition
when ρ is one of above listed irreduible representations. Set qi = exp(
√
−1πκki), li =
exp(καiπ
√
−1)/qi. Set e
ρ
i =
li
q−1
i
−qi
(Tρ(σi)−qi)(Tρ(σi)+q
−1
i ) for i = 0, 1. We want to show
the map φm : Ei 7→ eρi , Xi 7→ Tρ(σi) extends to an algebrai morphism. Reall by Lemma
2.2, Tρ(σi) is onjugated to ρ(si) exp(κ
√
−1π(kiρ(si)− ρ(ei))) where ki = k0 for even i, and
ki = k1 for odd i. Suppose ρ = ρl, then kiρ(si) − ρ(ei) = kiρ(si) an be presented by a
diagonal matrix whose diagonal elements being in {±ki}. So we know eρi = 0 and φm keep
all relations in Denition 3.3 and these ases are done. Now suppose ρ = ρLK,c0 . By (1) of
lemma 3.2, we see φm satisfy (4) of Denition 3.3. The ases for (1), (2), (3) of Denition
3.3 are trivial. Sine Tρ is a subrepresentation of TLK, by denition of Φ
i
m,Π(X) we know
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relation (5) of Denition 3.3 is also satised by φm. Sine TρLK,c0 (e1) = 0, we see e
ρ
1 = 0 so
relation (6) of Denition 3.3 is also satised by φm. The ase for ρ = ρLK,c1 is similar.
Remark 4.1. If (V, ρ) is the innitesimal Lawrene-Krammer representation of Brm(Π)
(in Lemma 2.3) , then the onnetion ρ(ΩDm) of equation (7) ( (8) ) oinide with the
onnetion Ωm of equation (1) ( (2) ). So above proposition shows the generalized
Lawrene-Krammer representation of ADm fator through the algebra BDm(Π, κ). It
thus provide us a way to ompute the monodromy of Marin's at onnetions by using
the generalized BMW type algebras, at least in ases of dihedral groups.
Theorem 4.1. (1) When m is odd, for generi data Π, κ, the algebra BDm(Π, κ) is
semisimple with dimension 2m + m2; (2) When m is even, for generi data Π, the
algebra BDm(Π, κ) is semisimple with dimension 2m +
m2
2 .
Proof. First we prove (1). Aording to Proposition 4.1, denote the quotient map from
BDm(Π, κ) to the Heke algebra HDm(q) as π. For generi q, HDm(q) is semisimple and
we denote its irreduible representations as ρ1, · · · , ρk. Through π, eah ρi indues an
irreduible representation ρi of BDm(Π, κ). These representations are dierent from eah
other and we have
∑k
i=1(dim ρi)
2 = dimHDm(q) = 2m. Beause for any 1 ≤ i ≤ k, the
annihilating polynomial of ρi(Xj) has degree 2, and the annihilating polynomial of TLK(Xj)
has degree 3, so by Lemma 3.5 we know TLK is an irreduible representation dierent with
any ρi. So by Wedderburn-Artin theorem, we have dimBDm(Π, κ) ≥
∑k
i=1(dim ρi)
2 +
(dim TLK)
2 = 2m +m2. So by (1) of Lemma 4.2 and by Wedderburn-Artin theorem again,
we know for generi data Π, κ, BDm(Π, κ) is a semisimple algebra with dimension 2m+m
2
.
The proof of (2) is similar, by using (2) of Lemma 4.2 and the Wedderburn-Artin theorem.
Remark 4.2. By Theorem 6.1 of [CH], we have dimBrDm(Υ) = m
2 + 2m for odd m,
and dimBrDm(Υ) = m
2 + m2 for even m. Above Theorem 4.1 and Proposition 4.2, 4.3
say that the algebra BDm(Π, κ) is a satisfatory deformation of the Brauer type algebra
BrDm(Υ).
Now let WΓ be a Coxeter group with Coxeter matrix Γ = (mi,j)n×n. Whih has a
presentation as in Theorem 2.2. For eah 1 ≤ i ≤ n, hoose a pair of onstants (ki, αi) ∈
C× × C suh that (ki, αi) = (kj, αj) if si is onjugated to sj. Denote the data onsisting
of {(ki, αi)}
m
i=1 as one symbol Π. Let κ ∈ C. Set qi = exp(κ
√
−1πki), li = (qi)
αi−1
for
1 ≤ i ≤ n. The denition of BMW type algebras of Dihedral groups naturally inspire us
to present the following denition of BW(Π, κ), the BMW type algebra of type W. These
algebras will be generated by elements Xi, Ei, 1 ≤ i ≤ n. For 1 ≤ i < j ≤ n, denote
the paraboli subgroup of W generated by si, sj as Wi,j. Then Wi,j is isomorphi to Dmi,j .
Denote the data {(ki, αi), (kj, αj)} as Πi,j. Denote the free monoid generated by Xi, Ei, Xj, Ej
as Λi,j. Repeat the denition of funtion Φ
i
m,Π,κ in Denition 3.1, but replae the roles of
(Dm, X0, E0, X1, E1, Λ,Π) by (Wi,j, Xi, Ei, Xj, Ej, Λi,j, Πi,j), we obtain funtions Φ
i
mi,j,Πi,j
and
Φjmi,j,Πi,j fromΛi,j to C, whih are similar to Φ
0
m,Π,κ andΦ
1
m,Π,κ in Denition 3.1 respetively.
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Definition 4.1. The algebra BΓ(Π, κ) is generated by elements X
±
i , Ei, 1 ≤ i ≤ n with
the following relations.
(1). XiX
−
i = X
−
i Xi = 1 for any i;
(2). [XiXj · · · ]mi,j = [XjXi · · · ]mi,j for any i 6= j;
(3). (q−1i − qi)Ei = li(Xi − qi)(Xi + q
−1
i ) for any i;
(4). XiEi = EiXi = l
−1
i Ei for any i;
(5). EiXEi = Φ
i
mi,j,Πi,j,κ
(X)Ei and EjXEj = Φ
j
mi,j,Πi,j,κ
(X)Ej for any i < j and X ∈ Λi,j;
(6). EiXEj = 0 for any X ∈ Λi,j if mi,j is an even number greater than 2.
5 General BMW Type Algebras
Let Γ = (mi,j)n×n be a Coxeter matrix. For eah 1 ≤ i ≤ n, hoose qi ∈ C× suh that
qi = qj if si is onjugated to sj. Denote the data {q1, · · · , qn} as q. The type Γ Heke
algebra HΓ (q) is the quotient algebra of the group algebra CAΓ to the ideal generated by
{(σi − qi)(σi + q
−1
i )}. The following Proposition is evident.
Proposition 5.1. The map Xi 7→ σi, Ei 7→ 0 (1 ≤ i ≤ n) extends to a surjetion from
BΓ (Π, κ) to HΓ (q) if the data Π and q satises qi = exp κ
√
−1πki for 1 ≤ i ≤ n.
The following Theorem 5.1 is proved using similar method as in the proof of Proposition
2.9 of [CGW1℄. Suppose Γ = (mi,j)n×n is a nite type Coxeter matrix. Let w0 be the
longest element of WΓ and denote the length of w0 as L. A sequene in [1, n] is a sequene
(i1, i2, · · · , ik) where 1 ≤ iv ≤ n for any v. The sequene (i1, i2, · · · , ik) is alled reduible if
iv = iv+1 for some v. Otherwise it is alled irreduible. A basi transformation of a sequene
Q is, replaing a subsequene [i, j, · · · ]mi,j in Q by [j, i, · · · ]mi,j . For example, transform
(3, 1, 2, 1, 2, 4) to (3, 2, 1, 2, 1, 4) when m1,2 = 4. By the theory of Coxeter groups, we see the
following fat: if a sequene Q has length greater than L, then Q an be transformed into
a reduible sequene.
Theorem 5.1. If Γ is of nite type, then BΓ (Π, κ) is a nite dimensional algebra.
Proof. Denote the set of words omposed by {Xi, Ei}1≤i≤n as S. By (3) of Denition 4.1, we
see BΓ (Π, κ) an be spanned by S. Let w0 be the longest element of WΓ , denote the length
of w0 as L. For a word W, denote the length of W as l(W). Let S0 = {W ∈ S|l(W) ≤ L}.
Denote the subspae of BΓ (Π, κ) spanned by S0 as A. The theorem follows from the following
assertion: Any word in S lie in A as an element of the algebra. Let W ∈ S. When l(W) < L,
the assertion is evident. Suppose we have prove that for any W ∈ S with l(W) ≤ K, we have
W ∈ A. Here we an ask K ≥ L. Let W ∈ S is a word with length K+ 1. Eah word W ∈ S
determine a sequene of indies QW . For example, if W = E1X2X3E2 then QW = (1, 2, 3, 2).
Sine the length of QW is greater than L, we see QW an be transformed into a reduible
sequene by M times of basi transformations. Then we do indution onM. IfM = 0, then
QW is reduible, whih mean W ontains a subword with one of the following type: EiEi,
XiEi, EiXi, XiXi. By relation (3), (4) of Denition 4.1 and by indution we see W ∈ A.
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Now suppose the assertion of l(W) ≤ K and l(W) = K + 1,M ≤ J are proved. Suppose we
have a word W suh that QW is irreduible, l(W) = K + 1 and M = J + 1. Then there is
a series of sequene Q1,Q2, · · · ,QJ+2 suh that Q1 = QW , QJ+2 is reduible and Qi+1 is
obtained by doing one basi transformation to Qi. Denote the subword ofW in the position
where the bais transformation to Q2 our as V . And suppose the basi transformation
from Q1 to Q2 is by replaing a subsequene [i, j · · · ]mi,j with [j, i · · · ]mi,j . For example when
W = X1E2X3X2E3, and Q2 = (1, 3, 2, 3, 2) then V = E2X3X2E3. First we observe if there
are two Ei, or two Ej in V then we an shorten V by Relation (5) of Denition 4.1 and the
assertion for W an be proved. So we an suppose there is at most one Ei and one Ej in V .
Case 1. mi,j = 2k + 1 is odd, V = AEiEjC where A,C ontain only Xi, Xj. Denote
the length of A,C as a, c respetively, so by above arguments A = [· · ·XiXj]a and C =
[· · ·XjXi]c. We have a + c = 2k − 1. Suppose a > c, so a ≥ k. By applying (2) of Lemma
4.1 to the subalgebra generated by {Xi, Xj, Ei, Ej}, we have AEiEjC = [· · · ]2k−aEjDEjC =
λ[· · · ]2k−aEjC, where [· · · ]2k−a denote some word with length 2k − a, and D is some word.
Sine l([· · · ]2k−aEjC) ≤ K, by replae X−1i in [· · · ]2k−a with linear sum of Xi, Ei, we omplete
the proof of this ase by indution. The ase of a < c is similar.
Case 2. mi,j = 2k+ 1 is odd, V = AEiBEjC Where A,B,C are nonempty words ontain
only Xi, Xj. Denote the length of A,B,C as a, b, c respetively. We have a 6= c beause
otherwise V = AEiBEiC whih ontradits our assumption. We an suppose a > c. The
ases of a < c is similar. Again by using (2) of Lemma 4.1, AEiBEjC = [· · · ]2k−aEjDEjC =
λ[· · · ]2k−aEjC. Now l(λ[· · · ]2k−aEjC) = 2k−a+ 1+ c < 2k− 1 so by indution we omplete
the proof of these ases.
Case 3. mi,j = 2k + 1 is odd, V = AEiB where A,B are nonempty words ontain only
Xi, Xj. Denote the length of A,B as a, b respetively. Suppose B is nonempty. Relation
(3) of Denition 4.1 gives us an identity Xi = λX
−1
i + µEi + γ. Replae every Xi in B with
λX−1i + µEi + γ and every Xj in B with λX
−1
j + µEj + γ, we see V = λ
′
AEi[X
−1
j X
−1
i · · · ]b +U
where U is a liner sum of words ontaining two Ei, or ontaining more than one Ei and
ontaining one Ej with length K + 1, or with smaller length. By Case 1 and 2, we see
U ∈ A. And by (2) of Lemma 4.1, we have AEi[X−1j X−1i · · · ]b = [· · ·X−1j X−1i ]bEjA
′
. By
replaing X−1i , X
−1
j in the subword [· · ·X−1j X−1i ]b we see W = a linear sum of words with
sequene Q2 mod A. Sine Q2 an be transformed to an reduible sequene with fewer
basi transformations, we proved these ases.
Case 4. mi,j = 2k + 1 is odd, V = [XiXj · · · ]2k+1. By replaing the subword V in W by
[XjXi · · · ]2k+1, we see the resulted word (equal W ) has sequene Q2, then we use indution.
For the ases when mi,j = 2k, the same argument shows we only need to onsider those
ases when V ontain at most one Ei and one Ej. Now (6) of Denition 4.1 show we only
need to onsider the ases (1) that V ontain one Ei or one Ej; (2) the ase V ontain only
Xi, Xj. We an prove the ases (1) similarly as above ase 3, and prove the ases (2) as above
ase 4.
When Γ is a simply laed type Coxeter group, then all reetions of WΓ lie in the same
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onjugay lass. So the data Π of BΓ (Π, κ) onsists of {k, α} essentially. As a orollary of
Proposition 4.2, we have
Proposition 5.2. The algebra BΓ (Π, κ) dened in Denition 4.1 is isomorphi to the
simply laed BMW algebra BΓ (q, l) of [CGW1] for q = exp(κ
√
−1πk), l =
exp(απ
√
−1)
q
.
Let W be a nite type Coxeter group. Let R be the set of reetions in W. Suppose
(V, ρ) is a nite dimensional representation of BrW(Π). Where Π = {ks, αs}s∈R. Then by
using the KZ onnetion ( Denition 2.3), we have a at, W-invariant onnetion ρ(ΩW) =
κ
∑
s∈R(ksρ(s) − ρ(es))ωs on MW × V , whih indues a representation Tρ : AW → GL(V).
Suppose W is of rank n and has a anonial set of generators {si}1≤i≤n as in Theorem 2.2.
Suppose the Artin group AW has a anonial set of generators {σi}1≤i≤n as in Theorem 2.3.
Theorem 5.2. For generi Π and κ, the representation Tρ fator through BW(Π, κ).
Proof. We want to show if set Xi = Tρ(σi) and Ei =
li
q−1i −qi
(Tρ(σi)−qi)(Tρ(σi)+q
−1
i ) for 1 ≤
i ≤ n, where qi = exp(κksiπ
√
−1) and li = exp(καiπ
√
−1)/qi, then {Xi, Ei}1≤i≤n satises
the relations in Denition 4.1. If W is a dihedral group Dm, this is true by Proposition 4.3.
The ases for general W an be redued to the ases for dihedral groups by using Theorem
2.4 as follows. Reall the notations " ∆, Hsi" above Theorem 2.2, and the notations "Π,
Πi,j " before Denition 4.1. For 1 ≤ i < j ≤ n, rst we suppose mi,j is odd. Denote
L = Hsi ∩ Hsj , dene RL, WL, AWL and MWL as in setion 2 (above Theorem 2.4). We an
identify AWL with the Artin group ADmi,j in suitable way, so the morphism
λL from AWL
to AW maps σ0, σ1 to σi, σj respetively.
In this ase we have a natural isomorphism φi,j from WDmi,j to WL extending the map
s0 7→ si, s1 7→ sj, and we an identify MWDmi,j with MWL ( atually MWL ∼= MWDmi,j ×
Cn−2, but it will not make any dierene. ) The morphism φi,j an be extended to a
morphism from BrDmi,j (Πi,j) to BrW(Π) by sending e0, e1 ∈ BrDmi,j (Πi,j) to ei, ej ∈ BrW(Π)
respetively. And we know the morphism
λL maps AWL isomorphially to the paraboli
subgroup of AW generated by σi, σj. Through φi,j we have a representation ρ ◦ φi,j :
BrDmi,j (Πi,j) → gl(V). As in setion 2, set Ω
′
= κ
∑
s∈RL(ksρ(s) − ρ(es))ωs. It isn't
hard to see Ω
′
oinide with the onnetion Ωρ◦φi,j on MWL . So by Proposition 4.3, if
we set X0 = TL(σ0) and X1 = TL(σ1), then X0, X1 satisfy the relations in Denition 3.4
for m = mi,j and suitable data Π. ( sine by (3) of Denition 3.4, Ei an be presented
by Xi for generi data, all those relations an be seen as relations between X0, X1. ) By
Theorem 2.4, there is a element A ∈ GL(V), so T ◦ λL(ρi) = ATL(ρi)A−1 for i = 0, 1. Sine
Tρ ◦ λL(ρ0) = Tρ(σi), Tρ ◦ λL(ρ1) = T(σj), we have that Xl = Tρ(σl) and El = llq−1l −ql (Tρ(σl) −
ql)(Tρ(σl) + q
−1
l ) (l = i, j) satisfy the relation (5) of Denition 4.1.
Similarly we an prove if mi,j is even, then Xi, Xj, Ei, Ej satisfy relation (5), (6) of De-
nition 4.1, and we an prove Xi, Ei satisfy relation (3), (4), by using Theorem 2.4.
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